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Q , Abstract 

(N ■ 

We show that w-categorical rings with NIP are nilpotent-by- finite. We 

^ ■ prove that an w-categorical group with NIP and fsg is nilpotent-by-finite. We 

also notice that an cu-categorical group with at least one strongly regular type 
is abelian. Moreover, we get that each cj-categorical, characteristically simple 
p-group with NIP has an infinite, definable abelian subgroup. Assuming addi- 
tionally the existence of a non-algebraic, generically stable over type, such a 
group is abelian. 
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Introduction 



>• ' Recall that a first order structure M in a countable language is said to be u- 

categorical if, up to isomorphism, Th{M) has at most one model of cardinality Kq. 
if^ . There is a long history of results describing the structure of cu-categorical groups and 

O I rings. However, many questions in this area are still wide open. It follows easily that 

P;" I each countable, w-categorical group has a finite series of characteristic subgroups 

Q ' in which all successive quotients are characteristically simple groups. On the other 

hand, Wilson (see [IHlll]) proved 



Fact 0.1 For each countahly infinite, u- categorical, characteristically simple group 



Vh ' H , one of the following holds. 

1. H is an elementary abelian p- group for some prime p. 

2. H = B{F) or H = B^^{F) for some non-abelian, finite, simple group F, 
where B{F) is the group of all continuous functions from the Cantor set C to 
F, and B~{F) is the subgroup of B{F) consisting of the functions f such that 
/(xo) = e for a fixed element xq G C. 

3. H is a perfect p-group. 
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Moreover, it is conjectured that (iii) is not realized. 

As to w-categorical rings in general, we know that their Jacobson radical is 
nilpotent (see [3l Lemma 1.3] and [4j). However, there are examples of infinite, 
w-categorical rings which are semisimple (i.e. with trivial Jacobson radical) and so 
not nilpotent-by-finite [5]. 

Interesting questions arise when one imposes additional model-theoretic restric- 
tions (e.g. stability or simplicity) on our w-categorical group or ring. In the su- 
perstable [or, more generally, supersimple] w-categorical context, everything is clear: 
groups are [(finite central)-by-]abelian- by-finite [171 E]; rigs are [(finite null)-by-] null- 
by- finite [12]. In the stable [or, more generally, NSOP] situation, we only know 
that cu-categorical groups are nilpotent-by-finite [14J, and w-categorical rings are 
nilpotent-by-finite [3l [11], too. It is an open question whether w-categorical stable 
groups are abelian-by-finite and whether w-categorical stable rings are null-by- finite. 

Our motivating problem is to describe the structure of w-categorical groups and 
rings satisfying NIP. Reasonable conjectures seems to be: 

Conjecture 0.2 Each u- categorical group with NIP is nilpotent-by-finite. 

Conjecture 0.3 Each u-categorical ring with NIP is nilpotent-by-finite. 

In this paper, we prove Conjecture 10.31 As to Conjecture 10. 2[ we prove it under 
the additional assumption that the group has fsg (finitely satisfiable generics). 

One of the ingredients of our proof of Conjecture 10. 2l is the result saying that each 
cj-categorical, characteristically simple p-group with NIP and having a non-algebraic, 
generically stable over type is abelian (so, under all these assumptions, (iii) of Fact 
10.11 cannot happen). 

We also show that each infinite, w-categorical, characteristically simple p-group 
with NIP has an infinite, definable abelian subgroup. Recall that the existence of an 
infinite, abelian subgroup is known for all infinite, cj-categorical groups (use the fact 
that such groups are locally finite together with [T^ Corollary 2.5]). However, Plotkin 
|16] found examples of infinite, w-categorical p-groups with no infinite, definable, 
abelian subgroup. 

At the end of the paper, we observe that an cu-categorical group having at lest 
one strongly regular type is abelian. 

I am grateful to Dugald Macpherson for interesting discussions and suggestions. 



1 Preliminaries 

Recall that we say that a group G is solvable-by-finite [nilpotent-by-finite or abelian- 
by-finite] if it has a finite index (normal) subgroup which is solvable [nilpotent or 
abelian, respectively]. It is standard (see e.g. [HI Remark 2.5]) that if G is nilpotent- 
by-finite [abelian-by-finite] , then it has a definable normal subgroup of finite index 
which is nilpotent [abelian, respectively]. If G is solvable- by-finite, it is not clear 
whether it has a definable, solvable subgroup of finite index (it has such a subgroup 



if we additionally assume either ice on centralizers for all definable quotients of 
definable subgroups p^ Remark 3.3] or w-categoricity) . 

Recall some basic notions from ring theory. In this paper, rings are associative, 
but they are not assumed to contain 1 or to be commutative. An element r of a 
ring R is nilpotent of nilexponent n if r" = 0, and n is the smallest number with 
this property. The ring is nil [of nilexponent n] if every element is nilpotent [of 
nilexponent < n, and there is an element of nilexponent n]. The ring is nilpotent of 
class n if ri ■ ■ ■ r„ = for all ri, . . . , r„ G -R, and n is the smallest number with this 
property. An element r is null if rR = Rr = {0}. The ring is null if all its elements 
are. 

We say that a ring R is nilpotent-by-finite [null-by-finite] if it has a finite index 
ideal (equivalently subring by [13]) which is nilpotent [null, respectively]. By virtue 
of [111 Remark 2.7], this ideal can be chosen definable. 

The Jacobson radical of a ring R is the collection of all elements of R satisfying 
the formula if{x) = \/y3z{yx + z + zyx = 0). The ring R is semisimple if J{R) = {0}. 
It is always the case that R/J{R) is semisimple. 

Recall that a ring R is a subdirect product of rings Ri, i E I, ii there is a 
monomorphism of R into Hig/ ^ whose image projects onto each Ri. The following 
is [3], Corollary 1]. 

Fact 1.1 If R is a semisimple, u- categorical ring, then R is a subdirect product of 
complete matrix rings over finite fields. Moreover, only finitely many different matrix 
rings occur as subdirect factors. 

By [31 Lemma 1.3] and [1] we have 
Fact 1.2 If R is an u- categorical ring, then J{R) is nilpotent. 

So, in order to prove that an cj-categorical ring R satisfying some extra assump- 
tions is nilpotent-by-finite, it is enough to show that the semisimple ring R/J{R) is 
finite (here Fact 11.11 may be very helpful). We will use this approach in the proof of 
Theorem 12.11 

We will also use [TTj, Theorem 3.15]. 

Fact 1.3 Suppose G is a solvable, u- categorical group such that each ring inter- 
pretable in it is nilpotent-by-finite and each group H definable in it has a definable 
connected component H^ (i.e. the smallest definable subgroup of finite index). Then 
G is nilpotent-by-finite. 

Now, we recall the relevant notions from model theory. Let T be a first order 
theory. We work in a monster model €. of T. 

Definition 1.4 We say that T has the NIP if there is no formula (f{x,y) and se- 
quence (ai)j<^ such that for every w <^ u, there is h^ such that \= ip{ai, hw) iff i E w. 

The next fact is Theorem 1.0.5 of [TSl. 



Fact 1.5 If G is a group defined in a theory with NIP, then for each (f, there is 
some N such that the intersection of any finite family of (f- definable subgroups of G 
is an intersection of at most N members of the family. 

Let p G S{(t) be invariant over A C C We say that (aj)jg(^ is a Morley sequence 
in p over A if a„ |= p|Aa<„ for all n. It turns out that Morley sequences in p 
over A are indiscernible over A and they have the same type over A. li €' y € is a 
bigger monster model, then the defining scheme of p determines a unique A-invariant 
extension p G S{€') of p. By a Morley sequence in p we mean a Morley sequence 
in p over d. Finally, p^''^ (where k G to U {uj}) denotes the type over d oi a Morley 
sequence in p of length k 

Recall from [15j that a global type p G S{(t) is said to be generically stable if, for 
some small A, it is A-invariant and for each Morley sequence (cj : i G u) in p over 
A and each formula (p{x) (with parameters from <t), the set {i :|= V'(aj)} is either 
finite or co-finite. This definition does not depend on the choice of A over which 
p is invariant. We will say that p is generically stable over A to express that p is 
invariant over A and generically stable. Assuming NIP, there are various equivalent 
definitions of generic-stability (see [H Proposition 3.2]). For us, one of them will be 
particularly important. 

Fact 1.6 Assume T has NIP, and p G S{(t) is A-invariant. Then, p is generically 
stable iff every/some Morley sequence in p over A is an indiscernible set over A. 

Now, we will briefly discuss fsg and generic stability. For more details on these 
and related notions see [H [8] . 

Definition 1.7 Let G be a group definable in € by a formula G{x). 

(i) G has fsg (finitely satisfiable generics) if there is a global type p containing G{x) 

and a model M -< <t, of cardinality less than the degree of saturation of (L, such that 

for all g, gp is finitely satisfiable in M . 

(a) G is generically stable ifG has fsg and some global generic type ofG is generically 

stable. 

We say that a group definable in a non-saturated model has one of the above 
properties if the group defined by the same formula in a monster model has it. 

In general, generic stability of G is a strictly stronger notion than fsg, but it is easy 
to check that these notions agree when G^^ (the smallest type-definable subgroup of 
bounded index) is definable and T has NIP (see [El Section 6]). In the w-categorical, 
NIP context, G^" is definable, and thus we get 

Remark 1.8 Assume G is a group definable in an u- categorical structure with NIP. 
Then, it has fsg iff it is generically stable. 

At the end, we recall the notion of a strongly regular type from [15]. The geo- 
metric meaning of this notion is explained in [12] . 

Definition 1.9 Let p{x) G S{€.) be non-algebraic. We say that p{x) is strongly 
regular if, for some small A, it is A-invariant and for all B D A and a from the sort 
ofx, either a \= p\B or p\B \- p\Ba. 



2 C(;-categorical rings with NIP 

In this section, we prove Conjecture 10.31 

Theorem 2.1 Each u- categorical ring with NIP is nilpotent-by-finite. 

Proof. By Fact II ■2[ everything boils down to showing that a semisimple, cu-categorical 
ring R with NIP is finite. Suppose for a contradiction that R is infinite. 

By cj-categoricity, the two sided ideals RrR, r & R, are uniformly definable 
(because w-categoricity implies that there is K such that every element of any RrR 
is the sum of at most K elements of the form rirr2 for ri,r2 G R). Thus, by NIP 
and Fact II. 5[ there is A^ > 1 such that for all n G a; and ro, . . . , r„ G R, there are 
ii, . . . ,iN G {0, . . . , n} such that RroR fl ■ ■ ■ fl RrnR = Rri^R fl ■ ■ ■ fl Rri^R. 

Fact 11.11 tells us that R can be treated as a subring of the product Hie/ -^« °^ 
finite rings Ri with identity, which projects onto each Ri, and where there are only 
finitely many pairwise distinct rings among the -Rj's, i E I. Let ttj be the projection 
onto the ith coordinate. For iq, . . . ,in E I and rj G Ri^, we introduce the set 

K::t = lreR:}\n^,{r)=r, 

Using the assumption that R is infinite and i?j's are finite, we see that for any 

^0; • • • ; ^n G /, 

R/"' 4 is an infinite ideal of R. (*) 

Claim 1 There are pairwise distinct io,ii, ■ ■ ■ G /, non-nilpotent elements rj E Ri , 
and elements rjj G R such that for all n G w. 

Proof of Claim 1. Suppose io, ■ ■ ■ , in, ro, . . . ,rn and rjo, . . . ,rin have been chosen. Since 
R is semisimple, it has no non-trivial nil ideals. Thus, by (*), -Rj^ "' j^ contains a non- 
nilpotent element //„+!. As there are only finitely many different i?j's and they are all 
finite, we can find in+i different from iQ, . . . ,in such that r„+i := 7ii^^-^{r]n+i) G -Rj„+i 
is non-nilpotent. ■ 

Claim 2 There are natural numbers n(0) < ■ ■ ■ < n{N) such that the sets 

T-)^n{0).Ov,0 „0,r„(i),0,...,0 „0,...,0,r„(jv) 

«n(0)v:in{JV) ' «n{0) v ■ ■,*n(JV) ' ' ' ' ' «n{0) >■ ■ -i^nCiV) 

are non-empty. 

Before proving Claim 2, let us notice that it leads to a contradiction. Choose 
ao,...,ajv from i?Mo)'°'7'° , . . . , i?°'7'°'^"/-) , respectively. Put h = Y.u,ai for 
A; = 0, . . . , iV. Then, 

7r,„(^.j [/26oi?. n • ■ ■ n i?,6^i?,] = {0} for J = 0, ... , N. (**) 
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On the other hand, Y[k=ij ^k ^ Clk^j R^kR for j = 0, . . . , A^. We also have that 
^i^j) [n^i ^fc] = ^^0) ^ ^s "^^ii) is non-nilpotent. So, 

^i„0) [fl ^^'^^] ^ {0> f°^' J = 0, . . . , iV. (* * *) 

By (**) and (***), RhoR n ■ ■ ■ n i^fe^vi? 7^ flfc^j R^kR for all j = 0, . . . , A^. This is a 
contradiction with the choice of A^. 



Proof of Claim 2. Let c = maxjg/ |i?j|. Define recursively: 

-^AT = C+1, 

L^_fc = c^iv+-+iiv-fc+i+i + 1 for A; = 1, . . . , iV - 1. 



Put Lo = 0. 

Consider any k G {0, . . . , A^ — 1}. Suppose each natural number a from the closed 
interval [L^_k_i + ■ ■ ■ + Lq, Liq_k + ■ ■ ■ + Lq — 1] has color 



( ■ri 1 ■TT . ( ly-i W iZ 



(TTi.--., ,,,(^a),---,7ri^^ + ...+i,(^a)) e JJ i?i^. . 



i=i 



JV-fc" 



In this way, the natural numbers from the interval [L7v-fc-i + ■ ■ ■ + Lq, Ltv-a; + 
• • • + Lq — 1] have been colored with at most c^^^ hLjv-fc+i+i _ /,^_^ — 1 colors. 
Since there are L^-k such numbers, we can find natural numbers n{N — A; — 1) < 
n\N — k — 1) from [Ljv-fc-i + ■ ■ ■ + Lq, L^^k + ■ ■ ■ + -^0 — 1] with the same color. 

Put flAf-fe-i = y]n{N-k-i) - Vn'{N-k-i)- Then, 7rij.(aAf_fc-i) = for all j e [La? H h 

L]si_ki L]\[ + ■ ■ ■ + Li]. Moreover, from the choice of rjnS, we see that ttj , (a^^k-i) = 
for all j < Ljv_fc_i + ■ ■ ■ + Lq. Putting additionally n(A^) = L^ + ■ ■ ■ + Li, we get a 
sequence ?7.(0) < ■ ■ • < n{N) which satisfies the conclusion of the claim. ■ 

3 u;- categorical groups with NIP 

In this section, we investigate the structure of w-categorical groups with NIP. First, 
we make some observations on characteristically simple groups in this context. Then, 
we prove Conjecture 10.21 under the additional assumptions of fsg or of the existence 
of a strongly regular type. 

As was mentioned in the introduction, each w-categorical group is locally fi- 
nite, and so, if it is infinite, it has an infinite, abelian subgroup pi2!, Corollary 2.5]. 
However, [16] yields examples of infinite, w-categorical p-groups with no infinite, 
definable, abelian subgroup. 

Proposition 3.1 Let p be a prime number. Then every infinite, characteristically 
simple, uj-categoricalp- group G with NIP has an infinite, definable, abelian subgroup. 



Proof. For any xq, ■ ■ ■ , x„ G G, {xq, . . . , Xn) is a finite p-group, and so C(xo) fl • • ■ fl 
C(a;n) 7^ {e}. Hence, if tliere were Xq, . . . , x„ G G witli C(xo) fl ■ • • fl C(x„) finite, we 
would find x„+i, . . . ,Xm G G sucli that Z{G) = C{xo) fl • • ■ fl C{xm) 7^ {e}, whicli 
would contradict the characteristic simplicity of G. So, we have proved the following 

Claim For any n E u and xq, . . . ,Xn G G, the intersection C(xo) fl ■ • • fl C(x„) is 
infinite. 

By the Claim, we can choose a sequence {xn)n&u] of pairwise distinct elements of 
G such that Xn+i G C{xo) fl ■ ■ ■ fl C{xn) for all n E u. Put G„ = C(xo) fl • ■ ■ fl C(x„). 
Then, xq, • • • , a;„ G Z(G„). Hence, |Z(Gn)| > n. On the other hand, by NIP and Fact 
ll.5[ there is N such that for any i/q, . . . ,yn E G, there are ii, . . . ,1^ G {0, . . . , n} with 
Ciyo)r]- ■ -nCiyn) = C{yijn- ■ -nCiyi^). Thus, G„ = C(xin)n-- ■nC(xin) for some 
i", . . . , i^ G {0, . . . , n}. Since by w-categoricity the set {tp(xjn, . . . , Xj" ) : n G w} is 
finite, there is n G a; such that Z{Gn) is infinite. ■ 

The next proposition uses notation from Fact 10.11 

Proposition 3.2 For any non-abelian, finite, simple group F , neither B{F) nor 
B^{F) have NIP. 

Proof. Let Cq, Ci, . . . be disjoint clopen subsets of the Cantor set C not containing 
Xq. Choose g E F\ Z{F). Define a sequence {fi)iizi^ of elements of B^{F) by: 

■' ^ " \ e lir] ^ d. 

Now, suppose for a contradiction that B{F) has NIP (the case when B^{F) has 
NIP is almost the same). Using NIP and Fact II. 5( and reordering Cj's if necessary, 
we can find N such that Cb(f)(/o) n • ■ ■ n CB{F){fN) = CB{F)ifo) n • • ■nCB(F)ifN-i)- 

Take heF\ C{g) and define / G B-{F) by: 

^^'^>~ \ e Hv^Cn. 

Then, we see that / G CB{F){fo) n ■ ■ ■ fl CB(F){fN~i) \ CB{F){fo) n ■ ■ ■ n CB(F){fN), a 
contradiction. ■ 

Proposition 3.3 Let p be a prime number. Let G be a characteristically simple p- 
group interpretable over in an u- categorical structure with NIP. Assume that G has 
a global, non-algebraic type q which is generically stable over 0. Then G is abelian. 

Proof. Assume for simplicity that G is the ambient structure. Wlog G is a monster 
model. Let (ai)ietj be a Morley sequence in q over 0. By NIP and Fact II. 5[ there 
is N such that for any m, G(ao) fl ■ ■ • fl C{am) = C{ai^) fl ■ • ■ fl G(ajj^) for some 
ii,...,iN G {0, ...,m}. But, using Fact II. 6[ (ai)jg(^ is an indiscernible set over 
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0. This implies that for any m > N — 1 and < ii < ■ ■ ■ < zat < m, one has 
C{ao) n ■ ■ ■ n C{am) = C(aiJ n • • ■ n C{ai^). 

Consider any (bo, bi, . . .) \= g('^)|0. Then, there is a sequence (cj)igi^ such that the 
sequences {tti : i E u)^ {ci : i E u) and {bi : i E u)'^ {ci : i E u) are indiscernible over 
0. Thus, by the last paragraph, Oieuj^i^i) = ^i'^o) H ■ • ■ H C{cn-i) = Oieuj^i^i)- 
But, (co, . . . , cn~i) is a finite p-group, which implies that C(co)n- ■ ■nC(cAr_i) 7^ {e}. 
We conclude that f]^^^ C{ai) is a non-trivial, 0-invariant (so 0-definable) subgroup. 
Since G is characteristically simple, we get Hieo; C'(aj) = G, which implies that 
Z{G) 7^ {e}, and so G = Z{G) once again by the characteristic simplicity of G. ■ 

Theorem 3.4 E'ac/i lo- categorical group G with NIP and fsg is nilpotent- by- finite. 

Proof. We can assume that G is infinite and it is a monster model. In fact, we 
will work in a slightly more general context, where G is a group with fsg which is 
interpretable (over 0) in an cj-categorical monster model €. = C^'^ satisfying NIP. 
Since G'^^ is 0-invariant, it is 0-definable by cj-categoricity. Thus, we can assume 
that G = G^^. Then, G has a unique global generic type [5], Proposition 0.26], which 
must be 0-invariant. 

By cj-categoricty, there is a normal series {e} = Go < Gi < ■ ■ • < G„ = G of 
0-definable (in €.) subgroups of G such that each Gj+i/Gj is characteristically simple 
in the sense of (G, €), i.e. it does not have non-trivial, proper, subgroups normal in 
G/Gi and invariant under Aut{(t). In particular, each Gi^i/Gi is a characteristically 
simple group. Indeed, it is clear that any characteristic subgroup of Gi+i/Gi is 
invariant under Aut{(t); the fact that such a subgroup is normal in G/Gi follows 
from the fact that inner automorphisms of G induce automorphisms of Gi^i/Gi. 

Our proof will be by induction on n (where n is a number for which there exists 
a sequence as in the last paragraph). Consider the case n = 1. Then, G = Gi is 
an infinite, characteristically simple group. Proposition 13. 2 1 eliminates the possibility 
that a countable elementary substructure of G is as in point (ii) of Fact 10.11 Propo- 
sition 13.31 together with Remark 11.81 and the 0-invariance of the unique generic type 
of G eliminate the possibility from point (iii) of Fact 10.11 Thus, G must be abelian. 

We turn to the induction step, where we assume that n > 2. First, notice that 
cu-categoricity implies that the upper central series Zq{G) < Zi{G) < ^2(G) < . . . 
stabihzes after finitely many, say m, steps. So, replacing G by G/Zm{G), we can 
assume that G is centerless. Such a replacement is possible, because the normal 
series GoZ^{G) / Zm{G) < G,Zrn{G)/ZUG) <■■■< GnZmiG)/ZUG) = G/Zm{G) 
consists of groups which are 0-definable in €, and it is easy to check that each quotient 
{Gi+iZm{G) / Zm{G)) / {GiZm{G) / Zm{G)) is characteristically simple in the sense of 
(G/Z^(G),C). 

Since n > 2, by the induction hypothesis, we can assume that Gi is a non-trivial, 
proper subgroup of G. Since G/Gi also has fsg, using the induction hypothesis, we 
get that G/Gi is nilpotent-by-finite (notice that since we consider 0-definability in 
(t, the normal series Gi/Gi < G2/G1 < ■ ■ ■ < G„/Gi = G/Gi allows us to use the 
induction hypothesis). So, it is nilpotent, because the Fitting subgroup of G/Gi is a 



nilpotent subgroup of finite index which is 0-definable and so equal to G/Gi by the 
connectedness of G/Gi. 

Let q be the unique global generic type of G, and {gi)i£u) be a Morley sequence 
in q over 0. Since G/Gi is nilpotent, there is a minimal k such that the iterated 
commutator [gk-i, [gk-2, • • • > [S'l? fl'o] • • • ]] ^ Ci- Since qq is generic over and G/Gi 
is infinite, we see that k > 2. Define 

hi = [gik+k-l, [gik+k-2, ■ ■ ■ , [gik+l, fi'ifc] • • • ]] 

for i E u. Let {g'i)ieuj be a Morley sequence in q over (t. Put 

K = [gik+k-i^ [9ik+k-2^ • • ■ 5 [fi'jfc+i5 fi'ifcJ ■ ■ ■ JJ 

for i E OJ. Since tp{g'j^_^, . . . ,go/'t) = q^''^ is invariant over 0, the type r := tp^hyC) 
is also invariant over 0. Moreover, (/ii)iga; is a Morley sequence in r over 0. By the 
generic stability of q and Fact ll.6[ the sequence {gi)i(zi^ is an indiscernible set, and so 
(^j)jew is an indiscernible set as well. We conclude that r is generically stable over 
0. 

We claim that r is non-algebraic. To see this, let us define 



a 



[fl'fc-i+7' [fi'fc-25 • • • 5 Wi^ 9o\ ■ ■ ■ . 



'j ■— Li/fc-l+j' Lyfc-25 

for j G u. We see that aj \= r. Moreover, a^j ^ Oj^ whenever ji < J2- Indeed, 
if this is not the case, then for some ji < J2, we have that g'j^g'j^^ ^ C{h), where 
h = [gk-2: • • • 5 Wiy q'q] ■ ■ ■]■ By the minimality oi k, h j^ e. But, g'^^ is generic over 
f7^-^, h, and so g'j^g'j'^ is generic over /i. Thus, [G(C!:') : C{h)] < u, where €.' is a monster 
model containing €. and (s'jOjGa;- This implies h G Z(G(C!:')) = {e}, a contradiction. 

We have proved that r is a global, non-algebraic type of Gi which is generically 
stable over (in particular, Gi is infinite). So, by Proposition 13.31 together with 
Proposition 13.21 and Fact 10.11 Gi is abehan. Hence, G is solvable. 

By Theorem 12.11 and Fact II. 3[ we conclude that G is nilpotent-by- finite. ■ 

Dugald Macpherson told me an alternative ending of the above proof, i.e. an 
alternative proof of the fact that a solvable, w-categorical group with NIP is nilpotent- 
by-finite. Namely, by [2], we know that each countable, solvable, cj-categorical group 
which is not nilpotent-by-finite interprets the countable, atomless Boolean algebra. 
So, it remains to show that this algebra does not have NIP, which is an easy exercise. 

Now, we will drop the NIP and fsg assumption, and instead we will assume the 
existence of a strongly regular type. Recall the following question from [15j . 



Question 3.5 Suppose G is a group with at least one strongly regular type. Does it 
imply that G is abelian? 

Proposition 3.6 If G is any group with at least one strongly regular type, then all 
non-central elements of G are conjugated. 



Proof. Taking an elementary extension of G, we can assume that there is a global 
type p whose strong regularity is witnessed over G. Consider any non-central element 
a E G. Take b \= p\G. 

Notice that if a^ \= p\G, then the formula defining the conjugacy class of a belongs 
to p\G. Thus, all elements a E G for which a^ H Pl^ ^.re in one conjugacy class. So, 
it remains to show that the assumption a^ ^ pjC leads to contradiction. 

This assumption and the strog regularity of p over G imply that tp{b/G) h 
tp{b/a'',G). Thus, there is a formula ip{x,y) (without parameters) and g G G^ 
such that b \= ip{x,g) and |= {ip{x,g) -^ a^ = a^). So, there is c G G such that 
a'^ = a^, and hence b G G{a)c. This means that p\G h 'x G G{a)c\ 

Consider two distinct realizations gi and g2 of p\G (they exist because p is non- 
algebraic) . 
Case Ice C{a). 

Then, p\G h 'x G C{a)\ so gi G C{a). Take h ^ G{a). Then, hgi ^ C{a). Thus, by 
the strong regularity of p over G, we conclude that tp{gi/G, h, hgi) = p\G, h, hgi = 
tp{g2/G,h,hgi). But, the formula x = h^^hgi belongs to tp{gi/G,h,hgi) and does 
not belong to tp{g2/G, h, hgi), a contradiction. 
Case 2 c ^ G{a). 

Since gi G C{a)c, we have gic^^ G C{a), and so gic^^ ^ C{a)c. Hence, by the strong 
regularity of j9, we get tp{gi/G,gic'^) = p\G,gic^^ = tp{g2/G,gic^^). But, the 
formula x = gic'^c belongs to tp{gi/G, gic'^) and does not belong to tp{g2/G, gic~^), 
a contradiction. ■ 

Corollary 3.7 If G is a group with at least one strongly regular type, then all non- 
central elements of G have infinite order. In particular, an uj- categorical group with 
at least one strongly regular type is abelian. 

Proof. This is a standard argument. We can assume that G ^ Z{G). Suppose 
for a contradiction that there is a non-central element of finite order. By the last 
proposition, G/Z{G) has one non-trivial conjugacy class. So, all non-trivial elements 
of G/Z{G) have the same order, which must be a prime number p. li p = 2, then 
G/Z{G) is abelian, so [G : Z{Gy\ < 2, which implies G = Z{G), a contradiction. 
Now, we assume that p is odd. Take a nontrivial g G G/Z{G). Then, there is 
h G G/Z{G) such that h-^gh = g~\ So, g G C{h^) \ C{h). Finally we get 

C{h) = Cih^"'") D Gih^"'") 2 ■ ■ • 2 C{h^) D G{h), 

which is impossible. ■ 



References 

[1] A. Apps, On the structure of "^q- categorical groups, Journal of Algebra 81, 320- 
339, 1983. 



10 



[2] R. Archer, D. Macpherson, Soluble, uj- categorical groups^ Math. Proc. Camb. 
Phil. Soc.121, 219-227, 1997. 

[3] J. Baldwin, B. Rose, '^Q-categoricity and stability of rings, Journal of Algebra 
45, 1-16, 1977. 

[4] G. Cherhn, On ^q- categorical nilrings. II, Journal of Symbolic Logic 45, 291-301, 
1980. 

[5] C. Ealy, K. Krupihski, A. Pillay, Superrosy dependent groups having finitely 
satisfiable generics. Annals of Pure and Applied Logic 151, 1-21, 2008. 

[6] D. Evans, F. Wagner, Supersimple u- categorical groups and theories. Journal of 
Symbohc Logic 65, 767-776, 2000. 

[7] E. Hrushovski, Y. Peterzil, A. Pillay, Groups, measures and the NIP, Journal of 
the AMS 21, 563-596, 2008. 

[8] E. Hrushovski, A. Pillay, On NIP and invariant measures, preprint, 2009. 

[9] O. Kegel, B.Wehrfritz, Locally Finite Groups, North-Holland, The Netherlands, 
1973. 

[10] K. Krupihski, Fields interpretable in rosy theories, Israel Journal of Mathematics 

175, 421-444, 2010. 

[11] K. Krupihski, On relationships between algebraic properties of groups and rings 
in some model-theoretic contexts, submitted. 

[12] K. Krupihski, F. Wagner, Small profinite groups and rings. Journal of Algebra 
306, 494-506, 2006. 

[13] J. Lewin, Subrings of finite index in finitely generated rings. Journal of Algebra 
5, 84-88, 1967. 

[14] H. D. Macpherson, Absolutely ubiquitous structures and 'Rq- categorical groups. 
Quart. J. Math. Oxford (2) 39, 483-500, 1988. 

[15] A. Pillay, P. Tanovic, Generic stability, regularity, and quasi-minimality, 
preprint, 2009. 

[16] J. M. Plotkin, ZF and locally finite groups, Zeitschrift f. Math. Logik and Grund- 
lagen der Mathematik 27, 375-379, 1981. 

[17] B. Poizat, Stable groups, American Mathematical Society, Providence, 2001. 

[18] F. Wagner, Stable groups, London Math. Soc. Lecture Notes Series 240, Cam- 
bridge University Press, UK, 1997. 



11 



[19] J. Wilson, The algebraic structure of 'Rq- categorical groups, in Groups-St. 
Andrews, Ed. C. M. Campbell, E. F. Robertson, London Math. Soc. Lecture 
Notes 71, Cambridge, 345-358, 1981. 



Krzysztof Krupihski 

Instytut Matematyczny Uniwersytetu Wroclawskiego 
pi. Grunwaldzki 2/4, 50-384 Wroclaw, Poland, 
e-mail: kkrup@math.uni.wroc.pl 



12 



